In this paper, a theoretical analysis for predicting the mechanical properties of lattice structures under compressive loading is proposed, and verified by comparing the analytical predictions with FEM results. This theory for estimating E * is based on the classical beam theory, and the one for estimating σ * pl reflects the stress state for each lattice structure. It is found that the BCC structure is a bending-dominated structure, and the BCCZ structure is a compression-dominated structure, and the f 2 BCC structure is a mixed loading-dominated (stretching or compression and bending-dominated) structure. Also, the results obtained by this theory agree well with the FEM results.
Introduction
Cellular structures, such as honeycombs, foams and lattice structures are composed of cell walls and pores in a regular manner, and are widely used in many structural applications owing to their superior mechanical properties in high relative stiffness and strength (1) . Figure 1 (a) shows an example of three-dimensional lattice structure, which is termed as BCC structure as follows. This structure consists of periodic cells in a scaffold-like structure, in which each cell is based on a number of truss elements or beams connected to each other, and behaves wide variety of mechanical responses by changing the arrangement of beams and beam geometries. Figures 1(b) (c) and (d) show the possible different types of unit cell used to develop micro-lattice structures (these are referred to as BCC, BCCZ and f 2 BCC). The BCC structure is a body-centered cubic system, the BCCZ structure is similar to the BCC but with vertical pillars and the f 2 BCC structure is again based on the BCC system with ±45 • strands across the faces of the cubes. Figure 2 shows a schematic compressive stress versus strain relationship for a threedimensional lattice structure under uniaxial compression. In the early stage of deformation, the compressive stress increases linearly, and afterward the relationship becomes nonlinear because of the onset of plastic yielding or buckling in the structure. In order to evaluate the mechanical response of lattice structures, the initial stiffness E * , plastic collapse strength σ * pl and the inelastic stiffness dσ/dε should be investigated.
Over the past few years, the mechanical responses of lattice structures have been investigated by experimental, theoretical and numerical approaches. For example, Hutchinson et al. (2) analyzed the structural mechanics of the periodic truss structure by using matrix method of linear algebra, and classified the deformation mechanism by the number of a nodal connectivity in a structure. Also, Zhu et al. (3) investigated the elastic properties(the Young's modulus E * , the shear modulus G * and the Poisson's ratio ν) of the Tetrakaidecahedron structure analytically based on the classical beam theory.
In this study, a theoretical model for estimating the mechanical properties of lattice structures under compressive loading is proposed, and verified its effectiveness by comparing with numerical results obtained by FEM. In the present paper, the proposed method is applied to three kinds of lattice structure, and the effects of cell's geometries on the initial stiffness E * and the plastic collapse strength σ * pl are investigated.
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Method of Analysis

Numerical assumptions
Numerical assumptions which are used in our analysis are introduced as follows. Firstly, the strands which compose lattice structures are assumed to be isotropic and homogeneous, and the elastic-perfectly plastic material. Here, the Young's modulus E s , yield stress σ s and Poisson's ratio ν are 140GPa, 143.6MPa and 0.3, respectively.
Secondly, all strands are subjected to axial compression or tension load and bending moment, and the effect of twisting are negligible. Here, according to the Euler-Bernoulli beam theory, the bending strain ε is linearly distributed over the cross section, i.e.
where, κ is the curvature, and η is the distance from the neutral axis of the cross section. Thirdly, each strand has a circular cross section with a constant diameter d.
Estimation of the initial stiffness E *
In order to estimate the initial stiffness E * during the early stage of compression, an theoretical model based on the classical beam theory is developed as follows. Figure 3 (a) shows an example of BCC structure which is composed of four cells shown in Fig.1(b) . In our theoretical approach, the structure within the dotted line is used as a theoretical model for estimating the mechanical response of the BCC structure. The theoretical models for other lattice structures (BCCZ and f 2 BCC) can be constructed in the same way. Also, this theoretical model of BCC lattice can be recognized as a fundamental model for estimating the mechanical response of other lattice structures. Figure 3 (b) shows a BCC unit cell model for the theoretical analysis. When the cell is subjected to a compressive stress σ z , all of the joints are free to move in the x-, yand zdirections. As a result of symmetry, the deformation behavior for each beam can be regarded as a cantilever beam AB subjected to the same axial force N 1 , the bending moment M 1 and the shear force F 1 as shown in Fig.3 (c).
for the BCC structure
The dashed line in Fig.3 (c) represents a schematic of the strand's deformed shape. Here, the xyz components of the movement of 'A' relative to 'B' are (u, -u,w) in Fig.3(d) , where u and w represents unknown displacement parameters. The axial deformation λ along the strand AB can be written in terms of unknown parameters u and w as:
where, the angle θ in Fig.3 (c) is sin −1 (1/ √ 3). Also, λ 1 and λ 2 show displacements along the beam AB by unknown parameters u and w. Based on the classical beam theory, the relationship between the deflection λ and the axial force N 1 (see Fig.3 (c)) can be written as:
Substituting Eq.(3) into Eq.(2), the axial force N 1 can be written as a function of u and w as:
where, the parameter A is the cross-sectional area of each beam(=πd 2 /4). Moreover, according to the symmetrical condition at the junction 'A', the rotation relative to 'B' is zero, so that the bending moment M 1 and the shear force F 1 are related as:
(5) Science and Technology Vol.4, No.3, 2010 In addition, the shear force F 1 and the bending moment M 1 can be written in terms of unknown parameters u and w as:
Here, the parameter I represents the second moment of area(=πd 4 /64).
In order to calculate these unknown parameters u and w, the equilibrium of forces in the z-direction is considered as follows:
Also, the elastic strain energy U BCC stored in one cell is
Therefore, by equating the external work(=σ z L 2 w) and the strain energy U BCC for one unit cell, the following two equations for parameters u and w can be obtained as follows:
(10)
By solving the above equations, the parameters u and w can be obtained as:
Here, the strain in the z-direction, ε z , in one unit cell is:
Finally, the initial stiffness of the BCC structure, E * BCC , is given as: Figure 4 (a) presents the theoretical unit cell model for the BCCZ structure subjected to compression in the z-direction. As mentioned in the Introduction section, this model has eight inclined strands which are the same as the BCC structure, and a vertical strand BC along the z-direction. Apparently, the mechanical properties of the BCCZ structure depend on the direction of loading. In the present paper, the directions of the compressive load and the strand BC are the same, and the effect of the loading direction on the mechanical response of the BCCZ structure will be discussed in the next paper.
for the BCCZ structure
In the following, the initial stiffness for the BCCZ structure compressed in the z-direction can be obtained in the same way as that adopted previously for the BCC structure. The stored elastic strain energy U BC for a strand BC, resulting from the application of the axial compressive load T , can be written as:
Therefore, the stored energy for one unit cell can be determined by summing Eqs. (9) and (14).
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Vol. Following the previous approach for estimating the initial stiffness E * for the BCC structure, two equations for unknown parameters u and w are derived by considering the equilibrium of forces in the z-direction and the law of the conservation of energy as:
Finally, the initial stiffness of the BCCZ structure when loaded in compression in the z-direction, E * BCCZ , is given as:
for the f 2 BCC structure
The f 2 BCC structure is effectively an assembly of two BCC structures with different strand lengths. Figure 4(a) shows the geometrical parameters associated with the f 2 BCC unit cell model. This model has eight inclined strands each with a length L = √ 3L/2, i.e. the same as that for the BCC structure, and a further eight inclined strands with a length L = √ 2L/2. Apparently, the mechanical properties of the f 2 BCC structure also depend on the loading direction, and the effect of the loading direction on the mechanical response of the f 2 BCC structure will be also discussed in the next paper.
The left side of Fig.4(a) is the same unit cell as the BCC structure, so that the initial stiffness for the cell can be obtained by Eq.(13). On the other hand, the theoretical result of the initial stiffness for the right side of Fig.4(a) is developed as follows. Assuming that the strand BD is subjected to the axial force N 2 , shear force F 2 and bending moment M 2 as shown in Fig.4(b) . As a result of symmetry, the movement of point 'D'relative to 'B'can be Vol.4, No.3, 2010 (a) geometry of the f 2 BCC unit-cell model Fig.4(c) . The axial force N 2 , shear force F 2 and bending moment M 2 can be written in terms of u and w as:
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Therefore, the elastic strain energy for a strand BD is
Here, due to symmetrical deformation in each unit cell, the points 'A'and 'D'in Fig.4(a) should exist in the same plane during the compression, and there is the following constraint condition between u and u :
As explained in the previous section, by considering the the equilibrium of forces in the zdirection and the law of the conservation of energy, the following two equations for unknown parameters u and w are introduced as: Vol.4, No.3, 2010 Finally, the initial stiffness of the f 2 BCC structure when loaded in compression in the zdirection, E * f 2 BCC , is given as:
Here, parameters D 1 , D 2 and D 3 are
Definition and Estimation of the plastic collapse strength σ * pl
In this section, the plastic collapse strength σ * pl for each lattice structure is defined by taking into consideration of the stress state in a strand. Figure 5 shows the distribution of the axial stress, σ axial , at point 'B'in the BCC structure for three different strand lengths L. Here, ξ and η represent the axes from the center of the cross-section of the strand, and the stress shown in the horizontal axis is normalized by the external compressive stress σ z . As can be seen in Fig.5 , the stress at η=0 is almost equal to zero, and varies linearly with distance η. That is, a strand in the BCC structure is subjected primarily to bending, and the effect of axial tension or compression is negligible. Therefore, the BCC structure can be recognized as a bending-dominated structure.
for the BCC structure
The plastic collapse strength, σ * pl , for the BCC structure can be determined by the initiation of a fully plastic hinge at point 'B'. From Eqs.(6), (7) and (11), the bending moment at 'B'is the same of the bending moment at 'A', and can be written as:
The plastic collapse strength for the BCC structure, σ * pl,BCC , can be determined when the absolute value of M B reaches the fully plastic bending moment M P (= σ s d 3 /6) as follows:
(24) Fig. 5 Distribution of the axial stress at the junction 'B' for the BCC structure Vol.4, No.3, 2010 
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for the BCCZ structure
For the BCCZ structure, the deformation response is dominated by the axial compression of the vertical strand AC. The axial stress in the vertical strand can be written as:
.
(25)
The plastic collapse strength for the BCCZ structure, σ * pl,BCCZ , can be determined when the stress σ axial reaches the yield stress σ s as:
(26) Figure 6 shows the distribution of the axial stress in strands with two different lengths (L = √ 3L/2 and √ 2L/2) at the junction 'B'for a f 2 BCC structure. Here, the material is assumed to be linear elastic. It is evident from these graphs that the stress varies linearly with distance η, and its value at η = 0 is significant for each of the values of L. That is, each strand is subjected to not only bending but also either tension or compression. Moreover, it is found from Figs.6(a)(b) that the longer strand is always subjected to axial tension, and the shorter strand is always subjected to axial compression.
for the f 2 BCC structure
In this paper, plastic collapse is defined by the occurrence of a plastic hinge in all of strands. Therefore, the value of compressive stress σ z when the plastic collapse is generated is calculated for each strand, and the larger value of σ z can be used as a plastic collapse strength σ * pl for the f 2 BCC structure. The limit curve for a strand subjected to a combined bending moment and axial force can be written as (5) 
where, M P and N P are the fully plastic bending moment and the fully plastic tensile (or compressive) force (=πσ s d 2 /4).
Here, the non-dimensional parameters m = M/M P n = N/N P are introduced, and the ratio of m and n at point 'B'(m B /n B ) for the longer strand (L = √ 3L/2) can be written as:
Also, the relation m B /n B for the shorter strand (L = √ 2L/2) is:
Substituting Eq.(28) and Eq.(29) into Eq.(27) and using a half-interval search method(binary search method), the roots of the non-dimensional parameter n can be calculated (termed as n pl ). Therefore, for a longer strand AB, the value of σ z at the occurrence of the plastic hinge is
and for a shorter strand BD, the value of σ z at the occurrence of the plastic hinge is
where, the parameters D 1 and D 2 can be obtained by Eq.(22). Figure 7 shows a comparison of the plastic collapse strength for two strands AB and BD for various ratios of d/L. It is evident from Fig.(7) that the plastic collapse of the longer Vol.4, No.3, 2010 strand AB always occurs after the shorter strands BD collapse. Here, the results of the plastic collapse strength for the f 2 BCC structure obtained by FEM are plotted as solid circles. As mentioned above, plastic collapse of the longer strands AB always occurs after the shorter strands BD collapse, and the value of the strength of the f 2 BCC structure obtained by FEM is close to that for the longer strand. Based on the above result, the plastic collapse strength for the f 2 BCC structure, σ * pl, f 2 BCC , is determined using the strength for the longer strand AB as shown in Eq.(30). 
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Finite Element Modelling
In order to validate the accuracy of the theoretical approach outlined above, a nonlinear finite element calculation was carried out using the commercial finite element code ABAQUS . Vol.4, No.3, 2010 Figure 8 shows the geometries and boundary conditions for a BCC lattice structure. The structure was modeled using a 2-noded beam element (element type B31), Each strand is divided into 20 elements in order to minimize the dependence of the number of elements. Due to symmetry, the structure was modeled as a 1/4 of the whole structure, and the nodes on the three planes xy(z=0), yz(x=0) and zx(y=0) were constrained to move along each plane, and the appropriate rotational conditions were set to satisfy their symmetries. Also, the nodes in contact with the upper rigid surface were free to move along the surface, and all rotations of the nodes were fixed. FEM models of other lattice structures(BCCZ and f 2 BCC) were also developed in the same way. The effect of the edge boundary condition between the upper rigid surface and the lattice structure will be discussed in the next paper.
Journal of Computational Science and Technology
Results and Discussions
Figure 9(a)(b) show the compressive stress-strain relationships for the BCC and BCCZ lattice structures for different values of strand diameter d and length L. In the figure, the solid and dotted lines correspond to the analytical results of initial stiffness E * and plastic collapse strength σ * pl , and the symbols show the numerical results obtained by FEM. It is clear from this figure that the initial stiffness E * increases with the ratio d/L, and the stiffness decreases when the stress σ z reaches σ * pl . Figure 10 shows comparisons of the initial stiffness E * for three kinds of lattice structures obtained by FEM shown as symbols and by Eqs.(13), (16) and (21) shown by lines. It is found from Fig.10 that the initial stiffness E * obtained by Eqs.(13), (16) and (21) agrees well with the numerical results for various ratio d/L. Moreover, the BCCZ structure and f 2 BCC structure behave the largest initial stiffness E * among these structures for each d/L, respectively. However, as mentioned before, the mechanical response for BCCZ and f 2 BCC strongly depend on the loading direction, and it cannot be declared that the BCCZ structure is an optimal shape. The effect of loading direction on the mechanical responses will be discussed in the next paper.
Conclusions
In this paper, a theoretical analysis for predicting the mechanical properties of microlattice structures under compressive loading is proposed, and verified by comparing the ana- Vol.4, No.3, 2010 lytical predictions with FEM results. The theory for predicting the initial specific stiffness E * is based on classical beam theory, and that for predicting the specific plastic collapse strength σ * pl is based on the plastic collapse mechanisms. From this study, the following points can be concluded. ( 1 ) The deformation mechanisms in the micro-lattice structures depend on their microarchitecture. The BCC structure is principally bending-dominated structures, the BCCZ structure is a compression-dominated structure, and the f 2 BCC structure exhibit a mixed response (bending and stretching or compression) structures.
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( 2 ) The predicted responses of proposed analytical method based on classical beam theory and a plastic collapse mechanism, agree well with the predictions offered by an FEM analysis.
